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CARTESIAN CLOSED CATEGORIES ARE DISTRIBUTIVE
MARCOBENINI
ABSTRACT. A folklore result in category theory is that a (weakly) Cartesian closed cat-
egory with finite co-products is distributive. Usually, the proof of this small result is
carried on using the fact that the exponential functor is right adjoint to the product
functor. And, since functors having a right adjoint preserve co-limits, the result follows
immediately. But, when we try to explicitly construct the arrows, things become a bit
more involved. In rare cases, it is pretty useful to have the exact arrows that make this
isomorphism to hold. The purpose of this note is to develop the explicit proof with all
the involved arrows constructed in an explicit way.
A (weakly) Cartesian closed category is a category having finite products and expo-
nentiation1. The statement says that any Cartesian closed category C with finite co-
products is distributive, that is, for any objects A,B,C , A× (B +C )∼= (A×B)+ (A×C ).
One arrow is easy to construct: consider the following commutative diagram
(A×B)+ (A×C )
A×B
ι1 55❥❥❥❥❥❥❥❥❥ pi1 //
pi2 
A A×C
ι2ii❚❚❚❚❚❚❚❚❚pi1oo
pi2
B
ι1 ))❚❚❚
❚❚❚
❚❚❚
❚❚❚ A× (B +C )
pi1
OO
pi2 
C
ι2uu❥❥❥❥
❥❥❥
❥❥❥
❥❥
B +C
It immediately follows that there are two universal arrows to the product A× (B+C ):
(A×B)+ (A×C )
A×B
ι1
77♦♦♦♦♦♦♦♦♦♦♦ pi1 //
pi2

1A× ι1
''
A A×C
ι2
gg❖❖❖❖❖❖❖❖❖❖❖
pi1oo
pi2

1A× ι2
ww
B
ι1 ''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖ A× (B +C )
pi1
OO
pi2

C
ι2ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
B +C
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1Some authors define Cartesian closed categories as those having finite limits and exponentiation. In fact,
the result here applies to both the weak and the strong version of the term, so we will freely use the term
‘Cartesian’ with no further adjectives.
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So, the newly constructed arrows form a co-product diagram, which enables to con-
struct a co-universal arrow as below
(A×B)+ (A×C )
[1a × ι1 ,1a× ι2]

A×B
ι1
77♦♦♦♦♦♦♦♦♦♦♦ pi1 //
pi2

1A× ι1
❖❖❖
❖❖
''❖❖
❖❖
A A×C
ι2
gg❖❖❖❖❖❖❖❖❖❖❖
pi1oo
pi2

1A× ι2
♦♦♦
♦♦
ww♦♦♦
♦
B
ι1 ''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖ A× (B +C )
pi1
OO
pi2

C
ι2ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
B +C
(1)
Hence, the arrow [1a× ι1,1a× ι2] : (A×B)+(A×C )→ A×(B+C ) is the first half of the
isomorphism we are seeking. It should be noted that the construction of such an arrow
does not require exponentiation.
The other side require exponentiation. In the first place, we have to prove that the
product functor (A×−) is left adjoint to the exponentiation functor (−)A .
To do this, we prove that A(B×C ) ∼=
(
AB
)C
by explicitly constructing the isomorphism.
Consider the commutative diagram
A(B×C )×B ×C
ev // A
(
AB
)C
×B ×C
ev×1B
// AB ×B
ev
OO
Focusing on the top and the right arrows in the diagram, we notice an evident expo-
nential object: we call α the obvious exponential transpose
A(B×C )×B ×C
ev //
α×1B
((
A
(
AB
)C
×B ×C
ev×1B
// AB ×B
ev
OO(2)
Thus, the following diagram constructs another exponential transpose γ
A(B×C )×B ×C
ev // A
(
AB
)C
×B ×C
ev×1B
//
γ×1B×C
OO
AB ×B
ev
OO
(3)
Finally, we can construct the last exponential transpose δ as follows
A(B×C )×C
α
''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
δ×1C

(
AB
)C
×C ev
// AB
(4)
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It remains to prove that γ and δ are inverses to each other and thus isomorphisms,
so A(B×C ) ∼=
(
AB
)C
. To this aim, let us consider the diagram:
AB×C ×B ×C
ev2 //
α×1B
))
δ×1B ×1C

A
(
AB
)C
×B ×C
γ×1B×C
OO
ev3×1B
// AB ×B
ev1
OO
where the arrows are named as before. Consider the arrow θ:
θ ≡ev1 ◦(ev3×1B )◦ (δ×1B ×1C )◦ (γ×1B×C )
=ev1 ◦((ev3 ◦(δ×1C ))×1B )◦ (γ×1B×C )
=ev1 ◦(α×1B )◦ (γ×1B×C )
=ev2 ◦(γ×1B×C )
=ev1 ◦(ev3 ◦1B )
thus, by uniqueness of the exponential transpose, trθ = γ, that is,
1(AB )C×B×C = (δ×1B ×1C )◦ (γ×1B×C )= (δ◦γ)×1B×C ,
so δ◦γ= 1(AB )C .
In the opposite direction,
τ≡ev2 ◦(γ×1B×C )◦ (δ×1B ×1C )
=ev1 ◦(ev3×1B )◦ (δ×1B ×1C )
=ev1 ◦((ev3 ◦(δ×1C ))×1B )
=ev1 ◦(α×1B )
=ev2
thus, by uniqueness of the exponential transpose, as before,
1AB×C×B×C = (γ×1B×C )◦ (δ×1B ×1C )= (γ◦δ)×1B×C ,
so, γ◦δ= 1AB×C .
The functor
(A×−) : C → C
B 7→ A×B
f : B→C 7→ 1A× f : A×B→ A×C
is left adjoint to the functor
(−)A : C → C
B 7→ BA
f : B→C 7→ tr( f ◦ev) : BA →C A
where tr( f ◦ev) is the exponential transpose of f ◦ev:
BA × A
ev //
tr( f ◦ev)×1A

B
f

C A × A ev
// C
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as it is immediate to see from the usual exponentiation diagram:
A×BA
ev // B
A×C
1a × trg
OO
g
<<①①①①①①①①①
In the Hom-sets notation, Hom(A ×B,C ) ∼= Hom(A,CB ). But, in this respect, it is
useful to explicitly construct the isomorphisms between the Hom-sets. Evidently, given
an arrow g : A×B→C , the associated arrow becomes trg .
In the other direction, given an arrow f : A→CB , we can construct the diagram:
A
f //
OO
∼=1

CB
1× A
tr( f ◦∼=1)×1A

(
CB
)A
× A
ev
CC
✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞✞
C (A×B )× A

∼=2×1A
OO
Thus, the arrow θ associated to f is obtained by composition as in the diagram:
A×B oo
∼=3 //
θ
--
1× A×B
(∼=2◦tr( f ◦∼=1))×1A×B // C (A×B )× A×B
ev

C
(5)
Of course, ∼=1 and ∼=3 come from the following diagram
1× A
pi2 //
pi1

A
1 A
!
oo
1A
OO
〈!,1A〉
bb
and the dotted arrow has pi2 as an inverse, as it is immediate to show.
So, we can finally construct the arrow A× (B +C )→ (A×B)+ (A×C ). This is done
by explicitly redoing the proof of the dual of Proposition 3.2.2 in [Bor94] in the case of
interest. Precisely, we prove that the functor (A×−) preserves the B +C co-product.
The B +C co-product corresponds to the diagram
B +C
B
ι1
<<②②②②②②②②②
C
ι2
bb❊❊❊❊❊❊❊❊❊
So, the same diagram transformed via the (A×−) functor yields the co-cone
A× (B +C )
A×B
1A× ι1
88rrrrrrrrrr
A×C
1A× ι2
ff▲▲▲▲▲▲▲▲▲▲
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Consider any co-cone
D
A×B
q1
<<②②②②②②②②
A×C
q2
bb❊❊❊❊❊❊❊❊
Thus, by exponentiation, i.e., the right adjoint of (A×−),
A×C
q2
##❋
❋❋
❋❋
❋❋
❋❋
1A× tr(q2)

A×DA
ev // D
A×B
q1
;;①①①①①①①①①
1A× tr(q1)
OO
So, the following is a co-cone
DA
B
trq1
>>⑥⑥⑥⑥⑥⑥⑥⑥
C
trq2
``❆❆❆❆❆❆❆❆
and, being B+C the co-product of B andC , we get the co-universal arrow r : B+C→DA
DA B +C
roo
B
trq1
OO
ι1①
<<①①①①①①
C
trq2❋
bb❋❋❋❋❋❋ ι2
OO
Applying the (A×−) functor to this diagram, and remembering that θ is the inverse
of transpose, see diagram (5), we get
A× (B +C )
θ(r ) // D
A×B
1A× ι1
OO
q1♠♠
66♠♠♠♠♠♠♠♠♠♠♠
A×C
q2
OO
1a× ι2
hh◗◗◗◗◗◗◗◗◗
which shows that A × (B +C ) is the co-product of A ×B and A ×C . Thus the arrow
A×(B+C )→ (A×B)+(A×C ) is just the co-universal arrow of the A×(B+C ) co-product,
and it is evidently an inverse of the one synthesised in diagram (1), because co-products
are unique up to isomorphisms.
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